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In 1990 the concept of generalized Hamming weights was introduced by
V. K. Wei in coding theory. For a linear code C the rth generalized Hamming
weight d
r
(C) is given by
d
r
(C)"minMdS(D) :D is an r-dimensional subcode of CN. (1)
Here S (D), the support of D, is the set of coordinate places for which at least
one word of D has a non-zero coordinate. Note that d
1
(C) is the usual
minimum weight of C. The quantity w (D)"dS(D) is called the weight of
D and for binary codes we have the relation
w (D)" 1
2r~1
+
d | D
w (d), (2)
where w (d) is the weight of the word d. From (1) and (2) we immediately
deduce
d
r
(C)" 1
2r~1
minG +
d | D
w (d) :D is an r-dimensional subcode of CH. (3)175
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176 KNOOPS AND VAN DER VLUGTIn 1991 Chung proved in [1] that the dual code BCH(2)M of the binary
double-error-correcting BCH-code of length 2m!1 satisfies
d
2
(BCH(2)M)"3
2
d
1
(BCH(2)M) (4)
for m,2(mod4) and for odd m55.
He proves the existence of two words of minimum weight in BCH(2)M of
which the sum also has minimum weight. The proof is rather elaborate which
is caused by the fact that Chung in fact uses results from the theory of
quadratic forms and elliptic curves without using the corresponding termin-
ology. In [5] Van der Geer and Van der Vlugt proved the existence of a
2-dimensional subcode of BCH(2)M of minimum weight words for all m55.
These authors apply results from the theory of quadratic forms and elliptic
curves. At the same time Chung together with Shim also settled in [2] the
case m,0(mod4) in the same spirit as Chung’s approach in [1]. However,
the proof is even more complicated. Generalization to the third generalized
Hamming weight of BCH(2)M of the method of Chung and Shim seems
unfeasible.
In [5] the construction of a 2-dimensional subcode of minimum weight
words leads to a system of equations of which the existence of a solution can
be proved. On the other hand, in the 3-dimensional case the accompanying
system of equations is so complex that proving the existence of an appropri-
ate solution looks hopeless.
In this note we apply a different approach which makes it possible to use
much more linear algebra to attack the generalized Hamming weight prob-
lem for BCH(2)M. This leads to a considerable simplification of the determina-
tion of d
2
(BCH(2)M) and the method also yields new results on d
3
(BCH(2)M).
To complete the survey of known results we mention that if m,2(mod 4)
d
r
(BCH(2)M)"2r!1
2r~1
d
1
(BCH(2)M) for 14r4m/2. (5)
This was proved in [3] and [6] and the proof is relatively easy.
This paper is organized as follows. In section 2 we study the weight
distribution of BCH(2)M. We characterize the words of certain weights and we
introduce the observations by which we can use linear algebra to construct
subcodes of minimum weight words. In part I of section 3 we present as an
application of our approach a very simple proof of (4) for the m,0(mod 4)
case. We also give a new proof for the m is odd case which only uses the
pigeon hole principle. In part II of section 3 we deal with the problem of
constructing a 3-dimensional subcode of minimum weight words in BCH(2)M
of length 2m!1 with m,0(mod 4).
GENERALIZED HAMMING WEIGHTS 177The main result of this paper is:
„he third generalized Hamming weight of BCH(2)M of length 2m!1 satisfies
d
3
(BCH(2)M)"7
4
d
1
(BCH(2)M)
for
(i) m"2rs with r’0 and s odd, s53,
(ii) m"2r with r55.
2. THE WEIGHT STRUCTURE OF BCH(2)M
Let F
q
be a finite field of order q"2m with m55 and let a be a primitive
element in F*
q
. The dual code of the double-error-correcting BCH-code of
length q!1 can be described as a trace code (see [7]):
BCH(2)M"Mc (a, b)"(„r(ax3#bx2))x3F*
q
: a, b3F
q
N,
where „r is the trace map from F
q
to F
2
. For b3F*
q
the words c(0, b) have
weight q/2. Now we consider the words c (a, b) with ab3F*
q
. The trace code
description leads to a correspondence between these words (a, b) and elliptic
curves C
a,b
given by the affine equation
y2#y"ax3#bx2.
The weight w(c (a, b)) of the word c(a, b) is related to the number dC
a,b
(F
q
) of
F
q
-rational points on C
a,b
via
w (c(a, b))"q!(dC
a,b
(F
q
)!1)/2 (6)
(see [4], section 2).
We also note that there is a correspondence between the words c(a, b) with
abO0 and quadratic forms. Namely, for the 2-linearized polynomial R"
ax2#bx the form
Q
R
(x)"„r(xR(x))
is a quadratic form on the F
2
-vector space F
q
. This follows from the fact that
Q
R
(x#y)!Q
R
(x)!Q
R
(y)"„r(xR(y)#yR(x))
is a symmetric bilinear form which we denote by B
R
(x, y). The form B
R
satisfies B (x, x)"0 so B is also a sympletic form on F . The radical … ofR R q R
178 KNOOPS AND VAN DER VLUGTthe symplectic space (F
q
, B
R
) is defined by
…
R
"Mx3F
q
: B
R
(x, y)"0 for all y3F
q
N
and we set u"dim(…
R
).
We recall (see [4]) that in our case
…
R
"Mx3F
q
: a2x4#ax"0N (7)
which is independent of the coefficient b. For the sequel we denote the set of
cubes of elements of F*
q
by (F*
q
)3.
(2.1) LEMMA. For q"2m with m even we have dim(…
R
)"2 if a3(F*
q
)3 and
dim(…
R
)"0 if a N (F*
q
)3 while for odd m we always have dim(…
R
)"1.
In characteristic 2 the quadratic form Q
R
(x) is not necessarily zero on the
radical …
R
and therefore we introduce
…
0
"Mx3…
R
:Q
R
(x)"0N.
We find dim(…
0
)"dim(…
R
) or dim(…
0
)"dim(…
R
)!1 since …
0
is the
kernel of the linear map: …
R
PF
2
defined by x>„r(xR(x)).
From [4, Prop. (5.2) and Coroll. (5.4)] we import the following proposition.
(2.2) PROPOSITION. ‚et R"ax2#bx3F
q
[x] with abO0.
(i) If dim(…
0
)"dim(…
R
)!1 then dC
a,b
(F
q
)"q#1 or w (c(a, b))"
q/2.
(ii) If dim(…
0
)"dim(…
R
) then dC
a,b
(F
q
)"q#1$Jq ) 2u or
w (c (a, b))"(qGJq ) 2u)/2.
As we noted the radical …
R
is independent of b so in the 1-dimensional family
of quadratic forms
F
a
"M„r(ax3#bx2) : a3F*
q
fixed and b runs over F
q
N
the dimension u is fixed. From Proposition (2.2) we derive that there are three
possibilities for the weights of the corresponding c(a, b). The distribution of
the three weights was determined by a combinatorial argument in [4,
Prop. 6.2]. We recall this weight distribution in Table I.
For odd m we always have u"1 hence we obtain the following corollary
from Table I.
(2.3) COROLLARY. If m is odd the non-zero weights in BCH(2)M of length
q!1"2m!1 are (q$J2q)/2 and q/2. „he frequency of the minimum weight
(q!J2q)/2 equals (q!1) (q#J2q)/4.
TABLE I
The Weight Distribution in F
a
dC
a,b
(F
q
) Weight Frequency
q#1!Jq ) 2u (q#Jq ) 2u)/2 (q!Jq ) 2u)/2u`1
q#1#Jq ) 2u (q!Jq ) 2u)/2 (q#Jq ) 2u)/2u`1
q#1 q/2 (2u!1)q/2u
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a
.
(2.4) PROPOSITION. If q"2m with m even and c (a, b)3F
a
with a"
A33(F*
q
)3 then
w(c(a, b))"(q$2Jq)/2 for Mb3F
q
:„rF
4
(b/A2)"0N,
w (c(a, b))"q/2 for Mb3F
q
:„rF
4
(b/A2)O0N.
Here „rF
4
denotes the trace map from F
q
to F
4
. For a N (F*
q
)3 the family F
a
contains no words of weight q/2.
Proof. Since a"A3 we derive from (7) that …
R
"F
4 )
1
A
and u"2 for
all c (a, b)3F
a
. According to Proposition (2.2) w(c (a, b))"(q$2Jq)/2 if and
only if …
0
"…
R
which comes down to „rF
2
(ax3#bx2)"0 for x3…
R
. This
last condition is equivalent to the system
„rF
2
(1#(b/A2))"„rF
2
(b/A2)"0,
„rF
2
(1#(bo2/A2))"„rF
2
(o2b/A2)"0 (8)
with SoT"F*
4
.
The transitivity of the trace map yields the following relation
„rF
4
(x)"o„rF
2
(x)#„rF
2
(o2x)
which implies that (8) is equivalent to
„rF
4
(b/A2)"0.
So …
0
"…
R
is equivalent to „rF
4
(b/A2)"0 which proves the first part of
our statement. Note that our criterion is independent of the choice of the cube
root of a.
For a N (F*
q
)3 it follows from Table I that the occurring weights are
(q$Jq)/2 because in this case u"0. So there are no words of weight q/2 in
F
a
. j
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q
)3:
‚ (a)"Mb3F
q
:w (c (a, b))"(q$2Jq)/2N.
(2.5) COROLLARY. (i) „he set ‚ (a) is a hyperplane in the F
4
-vector space F
q
hence dimF
4
(‚ (a))"(m/2)!1.
(ii) „he complement ‚(a)c"Mb3F
q
: w(c(a, b))"q/2N consists of the
3 cosets of ‚ (a) in the F
4
-vectorspace F
q
corresponding to the values 1, o, o2 of
„rF
4
.
Proof. The statement follows immediately from Proposition (2.4) and
the fact that „rF
4
is an F
4
-linear map on F
q
. j
Another useful property of ‚ (a) is given by
(2.6) PROPOSITION. For different a
1
, a
2
3(F*
q
)3 the hyperplanes ‚ (a
1
) and
‚(a
2
) are different.
Proof. The q!1 non-trivial F
4
-linear forms on the F
4
-vector space F
q
are given by „rF
4
(tx) with t3F*
q
. To each form „rF
4
(tx) we associate the
F
4
-hyperplane Mx3F
q
:„rF
4
(tx)"0N in F
q
. This map is a surjection of the set
of non-trivial forms onto the set of hyperplanes. The number of different
hyperplanes in F
q
is (q!1)/3 while on the other hand the forms „rF
4
(tx),
„rF
4
(otx) and „rF
4
(o2tx) represent the same hyperplane. So we have a 1!1
correspondence between cosets in F*
q
/F*
4
and F
4
-hyperplanes in F
q
.
If a
1
"A3
1
and a
2
"A3
2
with a
1
Oa
2
then 1/(3Ja
1
)2"1/A2
1
and
1/(3Ja
2
)2"1/A2
2
represent different cosets in F*
q
/F*
4
which implies
‚(a
1
)O‚(a
2
). j
(2.7) COROLLARY. For a
1
Oa
2
in (F*
q
)3 we have dimF
4
(‚ (a
1
)W‚ (a
2
))"
(m/2)!2.
In the next section we shall use this description of sets of words of certain
weights in F
a
in terms of linear algebra.
(2.8) PROPOSITION. If the elliptic curve C
a,b
given by y2#y"ax3#bx2 with
a3F*
q
and b3F
q
has q#1 F
q
-rational points then dC
a,b
(Fq2)" q2#1#2q.
Proof. From the Riemann hypothesis for elliptic curves over finite
fields it follows that there exist complex conjugate algebraic integers a and
aN with aaN "q such that
dC
a,b
(F
q
)"q#1!(a#aN ) and dC
a,b
(Fq2)"q2#1!(a2#a2).
Since a#aN "0 we conclude that a"$iJq which implies a2"!q and
dC
a,b
(Fq2)"q2#1#2q. j
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a,b
and (6)
implies the following key observation.
(2.9) COROLLARY. If c(a, b)"(„r(ax3#bx2))x3Fq* in BCH(2)M of length
q!1 has weight q/2 then the induced word c (a, b)"(„r(ax3#bx2))x3F*q2 in
BCH(2)M of length q2!1 has minimum weight (q2!2q)/2.
In our approach to construct subcodes of minimum weight words in
BCH(2)M of length q!1"2m!1 with m even, we start from words of weight
Jq/2 in BCH(2)M of length Jq!1 which we just described in terms of linear
algebra.
3. GENERALIZED HAMMING WEIGHTS OF BCH(2)M
Since in a word c (a, b) of minimum weight the coefficient a is a cube we
state the following lemma.
(3.1) LEMMA. For q"2m where m"2rs with odd s53 the field F
q
con-
tains an s-dimensional F
2
-vector space consisting of cubes.
Proof. The field F
q
contains the subfield F
2s
in which all elements are
cubes. j
(3.2) Remark. The field F24 only contains 1-dimensional F2
-subspaces of
cubes. By means of a computer search we found that F28 contains subspaces
of cubes of dimension at most 2 and the computer also confirmed the
existence of a 3-dimensional subspace of third powers in F216.
I. The Second Generalized Hamming Weight of BCH(2)M
In this part we give the simplified determination of d
2
(BCH(2)M) for m odd
and m,0(mod 4).
(3.3) PROPOSITION. For q"2m with m55 the second generalized Ham-
ming weight of BCH(2)M satisfies
d
2
(BCH(2)M)"3
2
d
1
(BCH(2)M)"3(q!2Jq)/4 for m even,
3(q!J2q)/4 for m odd.
Proof. For m,2(mod 4) the statement is a special case of (5). In case
m,0(mod 4), mO8, Lemma (3.1) and Remark (3.2) imply the existence of
a 2-dimensional F
2
-subspace of cubes in FJq generated by a1
and a
2
. Take
b
1
3‚(a
1
)c then according to Corollary (2.5 ii) the set b
1
#‚(a
2
)cLFJq
consists of 3.4(m@4)~1"3Jq/4 elements. Since ‚ (a
1
#a
2
) has order Jq/4 by
182 KNOOPS AND VAN DER VLUGTCorollary (2.5 i) there exists an element b3‚ (a
2
)c with b
1
#b
2
N‚(a
1
#a
2
).
So the words c (a
1
, b
1
)"(„r (a
1
x3#b
1
x2))x3F*Jq and c(a2
, b
2
)"(„r(a
2
x3#
b
2
x2))x3F*Jq generate a 2-dimensional subcode in BCH(2)M of length Jq!1
with non-zero words of weight q/2. Applying Corollary (2.9) we obtain
a 2-dimensional subcode in BCH(2)M of length q!1 consisting of minimum
weight words which proves our formula. For m"8 the existence of a 2-
dimensional subcode of minimum weight words was found by computer
search.
For odd m we present a simple proof based on the observation that the sum
c
1
#c
2
of two minimum weight words c
1
and c
2
satisfies
c
1
#c
2
has minimum weight 8 w (c
1
Wc
2
)"(minimum weight)/2. (9)
Here w (c
1
Wc
2
) denotes the weight of the intersection of c
1
and c
2
, i.e. the
number of coordinate places on which both words have a coordinate 1. From
w(c
1
#c
2
)"w (c
1
)#w(c
2
)!2w(c
1
Wc
2
) and Corollary (2.3) it follows that
there are three possibilities for w (c
1
Wc
2
) namely, (q!J2q/4 ("minimum
weight/2), (q!2J2q)/4 and (q!3J2q)/4.
Let M be the matrix of which the rows are the (q!1) (q#J2q)/4 words of
minimum weight in BCH(2)M of length q!1. We deduce from Corollary (2.3)
that the weight of the matrix equals (q!1) ((q#J2q)/4) (q!J2q)/2. Since
the code BCH(2)M is transitive, each column of M has weight (q2!2q)/8.
Take a word c
1
of minimum weight and consider the submatrix MI of
M which consists of the (q!J2q)/2 columns of M corresponding to the
coordinate places on which c
1
has a coordinate 1. The weight of the matrix
MI equals
weight(MI )"(q!J2q) (q2!2q)/16. (10)
On the other hand if there is no intersection c
1
Wc
2
with w(c
1
Wc
2
)"(min-
imum weight)/2 then w (c
1
Wc
2
)4(q!2J2q)/4 which implies
weight(MI )4((q!1) (q#J2q)/4!1) (q!2J2q)/4#(q!J2q)/2. (11)
After a small computation we find that (10) and (11) contradict each other.
Hence there exist words c
1
and c
2
of minimum weight that satisfy
w(c
1
Wc
2
)"(minimum weight)/2. Then it follows from (9) that c
1
#c
2
has
minimum weight. j
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(3.4) THEOREM. If FJq"2m@2 with m,0(mod 4) contains a 3-dimensional
F
2
-subspace of cubes then BCH(2)M of length q!1 contains a 3-dimensional
subcode in which all non-zero words have minimum weight.
Proof. In view of Corollary (2.9) it is sufficient to construct a 3-dimen-
sional subcode in BCH(2)M of length Jq!1 in which all non-zero words
have weight Jq/2.
Let Sa
1
, a
2
, a
3
T be the 3-dimensional F
2
-subspace of cubes in FJq . The
proof of the first part of Proposition (3.3) shows the existence (in FJq) of
b
1
3‚(a
1
)c, b
2
3‚ (a
2
)c such that b
1
#b
2
3‚(a
1
#a
2
)c. Now we have to find
b
3
3‚(a
3
)c which satisfies
b
1
#b
3
3‚ (a
1
#a
3
)c, (12)
b
2
#b
3
3‚ (a
2
#a
3
)c, (13)
b
1
#b
2
#b
3
3‚ (a
1
#a
2
#a
3
)c. (14)
The complement ‚ (a
3
)c consists of three cosets B(i)
3
#‚(a
3
), i"1, 2, 3. In
order to satisfy (12) we have to delete per coset the elements b
3
in
Mb
3
3B(i)
3
#‚(a
3
) : b
1
#b
3
3‚ (a
1
#a
3
)N"MB(i)
3
#‚(a
3
)NWMb
1
#‚(a
1
#a
3
)N.
According to Corollary (2.7) we have dimF
4
M‚(a
3
)W‚(a
1
#a
3
)N"(m/4)!2
so we have to delete 3.2(m@2)~4 elements b
3
in ‚ (a
3
)c which do not satisfy (12).
The same holds for the conditions (13) and (14). Hence there are at least
3.2(m@2)~2!9.2(m@2)~4" 3
16
Jq elements b
3
3‚ (a
3
)c which fulfill (12), (13) and
(14). For such a value of b
3
the words c(a
1
, b
1
), c (a
2
, b
2
) and c(a
3
, b
3
) generate
the subcode of words of weight Jq/2 which we wanted to construct. j
When we combine Theorem (3.4) with Remark (3.2) and involve (5) we find
our
MAIN RESULT. „he third generalized Hamming weight of BCH(2)M of
length q!1"2m!1 satisfies
d
3
(BCH(2)M)"7
4
d
1
(BCH(2)M)"7(q!2Jq)/8
for
(i) m"2rs with r’0 and s odd, s53,
(ii) m"2r with r55.
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